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Abstract. Energy inefficient software implementations may cause battery drain for small systems and high energy costs for large systems.
Dynamic energy analysis is often applied to mitigate these issues. However, this is often hardware-specific and requires repetitive measurements
using special equipment.
We present a static analysis deriving upper-bounds for energy consumption based on an introduced energy-aware Hoare logic. Software is considered together with models of the hardware it controls. The Hoare logic
is parametric with respect to the hardware. Energy models of hardware
components can be specified separately from the logic. Parametrised with
one or more of such component models, the analysis can statically produce a sound (over-approximated) upper-bound for the energy-usage of
the hardware controlled by the software.
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Introduction

Power consumption and green computing are nowadays important topics in IT.
From small systems such as wireless sensor nodes, cell-phones and embedded
devices to big architectures such as data centers, mainframes and servers, energy consumption is an important factor. Small devices are often powered by a
battery, which should last as long as possible. For larger devices, the problem
lies mostly with the costs of powering the device. These costs are often amplified
by inefficient power-supplies and cooling of the system.
Obviously, power consumption depends not only on hardware, but also on
the software controlling the hardware. Currently, most of the methods available
to programmers to analyse energy consumption caused by software use dynamic
analysis: measuring while the software is running. Power consumption measurement of a system and especially of its individual components is not a trivial task.
?
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A designated measuring set-up is required. This means that most programmers
currently have no idea how much energy their software consumes. A static analysis of energy consumption would be a big improvement, potentially leading to
more energy-efficient software. Such a static analysis is presented in this paper.
Since the software interacts with multiple components (software and hardware), energy consumption analysis needs to incorporate different kinds of analysis. Power consumption may depend on hardware state, values of variables and
bounds on the required number of clock-cycles.
Related Work There is a large body of work on energy-efficiency of software.
Most papers approach the problem on a high level, defining programming and design patterns for writing energy-efficient code (see e.g. [1,2,3]). In [4], a modular
design for energy-aware software is presented that is based on a series of rules on
UML schemes. In [5] and [6], a program is divided into “phases” describing similar behaviour. Based on the behaviour of the software, design level optimisations
are proposed to achieve lower energy consumption. A lot of research is dedicated
to building compilers that optimize code for energy-efficiency, e.g. in GCC [7] or
in an iterative compiler [8]. Petri-net based energy modelling techniques for embedded systems are proposed in [9] and [10]. Analyses for consumption of generic
resources are built using recurrence relation solving [11], amortized analysis [12],
amortization and separation logic [13] and a Vienna Development Method style
program logic [14]. The main differences with our work are that we include an
explicit hardware model and a context in the form of component states. This
context enables the inclusion of state-dependent energy consumption. Relatively
close to our approach are [15] and [16], in which energy consumption of embedded software is analysed for specific architectures ([15] for SimpleScalar, [16] for
XMOS ISA-level models), while our approach is hardware-parametric.
Our Approach Contrary to the approaches above, we are interested in statically deriving bounds on energy-consumption using a novel, generic approach
that is parametrised with hardware models. Energy consumption analysis is an
instance of resource consumption analysis. Other instances are worst-case execution time [17], size [18], loop bound [19,20] and memory [20] analysis). The
focus of this paper is on energy analysis. Energy consumption models of hardware components are input for our analysis. The analysis requires information
about the software, such as dependencies between variables and information
about the number of loop iterations. For this reason we assume that a previous
analysis (properly instantiated for our case) has been made deriving loop bounds
(e.g. [21,20]) and variable dependency information (e.g. [22]).
Our approach is essentially an energy-aware Hoare logic that is proven sound
with respect to an energy-aware semantics. Both the semantics and the logic
assume energy-aware component models to be present. The central control is
however assumed to be in the software. Consequently, the analysis is done on
a hybrid system of software and models of hardware components. The Hoare
logic yields an upper bound on the energy consumption of a system of hardware
components that are controlled by software.
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Our contribution The main contributions of this paper are:
– A novel hardware-parametric energy-aware software semantics.
– A corresponding energy-aware Hoare logic that enables formal reasoning
about energy consumption such as deriving an upper-bound for the energy
consumption of the system.
– A soundness proof of the derived upper-bounds with respect to the semantics.
The basic modelling and semantics are presented in Sect. 2. Energy-awareness
is added and the logic is presented in Sect. 3. An example is given in Sect. 4 and
the soundness proof is outlined in Sect. 5. The paper is concluded in Sect. 6.
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Modelling Hybrid Systems

Most modern electronic systems consist of hardware and software. In order to
study the energy consumption of such hybrid systems we will consider both
hardware and software in one single modelling framework. This section defines a
hybrid logic in which software plays a central role controlling hardware components. The hardware components are modelled in such a way that only the relevant information for the energy consumption analysis is present. In this paper,
the controlling software is assumed to be written in a small language designed
just for illustrating the analysis.
2.1

Language

Our analysis is performed on a ‘while’ language. The grammar for our language
is defined as follows (where ∈ {+, −, ∗, >, ≥, ≡, 6≡, ≤, <, ∧, ∨}. ):
c ∈ Const = n ∈ N
x ∈ Var = ’A’ | ’B’ | ’C’ | . . .
e ∈ Expr = c | x | x = e1 | e1 e2 | Ci :: f (e1 ) | f (e1 ) | S, e1
S ∈ Statement = skip | S1 ; S2 | e | if e then S1 else S2 end if
| while e do S end while | F S1
F ∈ Func = function f (x) begin e end
This language is used just for illustration purposes, so the only supported
type in the language is unsigned integer. There are no explicit booleans. The
value 0 is handled as a False value, while all the other values are handled as
a True value. There are no global variables and parameters are passed byvalue, so functions do not have side-effects on the program state. while loops
are supported but recursion is not. Functions are statically scoped. There are
explicit statements for operations on hardware components, like the processor,
memory, storage or network devices. By explicitly introducing these statements
it is easier to reason about those components, as opposed to, for instance, using
conventions about certain memory regions that will map to certain hardware
devices. Functions on components have a fixed number of arguments and always
return a value. The notation Ci :: f will refer to a function f of a component Ci .
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2.2

Modelling Components

To reason about hybrid systems we need a way to model hardware components
(e.g. memory, harddisk, network controller) that captures the behaviour of those
components with respect to resource consumption. Hence, we introduce a component model that consists of a state and a set of functions that can change the
state: component functions. A component state Ci :: s is a collection of variables
of any type. They can signify e.g. that the component is on, off or in stand-by.
A component function is modelled by a function that produces the return
value (rvf ) and a function that updates the internal state of the component (δf ).
Both functions are functions over the state variables. The update function Ci :: δf
and the return value function Ci :: rvf take the state s and the arguments
args passed to the component function and return respectively the new state
of the component and the return value. Each component Ci may have multiple
component functions. All the state changes in components must be explicit in the
source code as an operation, a component function, on that specific component.
2.3

Semantics

Standard, non-energy-aware semantics can be defined for our language. Full semantics are given in a technical report [23]. Below, the assignment rule (sAssign)
and the component function call rule (sCallCmpF ) are given to illustrate the notation and the way of handling components.
∆ ` he, σ, Γ i⇓e hn, σ 0 , Γ 0 i
(sAssign)
∆ ` hx1 = e, σ, Γ i⇓e hn, σ 0 [x1 ← n], Γ 0 i
∆ ` he, σ, Γ i⇓e ha, σ 0 , Γ 0 i

Ci :: rvf (CiΓ :: s, a) = n Γ 0 = Γ [Ci :: s ← Ci :: δf (CiΓ :: s, a)]
(sCallCmpF)
∆ ` hCi :: f (e), σ, Γ i⇓e hn, σ, Γ 0 i

The rules are defined over a triple he, σ, Γ i with respectively a program expression e (or statement S), the program state function σ and the component
state environment Γ . The program state function returns for every variable its
actual value. ∆ is an environment of function definitions. We use the following
notation for substitution: σ[xi ← n]. The reduction symbol ⇓e is used for expressions, which evaluate to a value and a new state function. We use ⇓s for
statements, which only evaluate to a new state function.
In the following sections we will define energy-aware semantics and energy
analysis rules. We used a consistent naming scheme for the different variants of
the rules (e.g. sAssign, eAssign and aAssign for the Assignment rule in respectively the standard non-energy-aware semantics, the energy aware semantics and
the energy analysis rules).

3

Energy Analysis of Hybrid Systems

In this section we extend our hybrid logic in order to reason about the energy
consumption of programs. We distinguish two kinds of energy usage: incidental
and time-dependent. The former represents an operation that uses a constant
amount of energy, disregarding any time aspect. The latter signifies a change in
the state of the component; while a component is in a certain state it is assumed
to draw a constant amount of energy per time unit.
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3.1

Energy-Aware Semantics

As energy consumption can be based on time, we first need to extend our semantics to be time-aware. We effectively extend all the rules of the semantics
with an extra argument, a global timestamp t. Using this timestamp we are able
to model and analyse time-dependent energy usage.
We track energy usage for each component individually, by using an accumulator e that is added to the component model. For time-dependent energy usage,
with each component state change, the energy used while the component was
in the previous state is added to the accumulator. To enable calculation of the
time spent in the current state, we add τ to the component model, signifying the
timestamp at which the component entered the current state. We assume that
each component has a constant power draw while in a state. Therefore, the component model function Ci :: φ(s) maps component states onto the corresponding
power draw, independent of time. To calculate the power consumed while in a
certain state we define the td function, with as arguments the component and
the current timestamp:
td(Ci , t) = Ci :: φ(s) · (t − Ci :: τ )
We model incidental energy usage associated with a component function f
with the constant Ci :: Ef . For each call to a component function we add this
constant to the energy accumulator.
A component function call can influence energy consumption in two ways:
through its associated incidental energy consumption and by changing the state,
thereby influencing time-dependent energy usage. This is expressed by the energyaware semantic rule (eCallCmpF ) for component functions as defined below,
with Ci :: Tf representing the time it costs to execute this component function.
∆ ` he, σ, Γ, ti⇓e ha, σ 0 , Γ 0 , t0 i
Γ

00

0

Ci :: rvf (CiΓ :: s, a) = n

0
td(CiΓ , t), Ci :: s
e

0

= Γ [Ci :: e += Ci :: Ef +
← Ci :: δf (CiΓ :: s, a), Ci :: τ ← t0 ]
(eCallCmpF)
∆ ` hCi :: f (e), σ, Γ, ti⇓ hn, σ, Γ 00 , t0 + Ci :: Tf i

Note the addition of the incidental and time dependent energy usages (Ci :: Ef
and td(CiΓ , t) respectively) to the energy accumulator Ci :: e, the incrementation
of the global time with Ci :: Tf and the update of the component timestamp Ci ::
τ . Evaluation by ⇓ in the energy-aware semantics extends the original semantics
with a timestamp and an energy accumulator, which are used to calculate the
total energy consumption of the evaluation (esystem as defined below). The full
energy-aware semantics are given in Fig. 1.
The energy accumulator of the components is not always up to date with
respect to the current time, as it is only updated in the (eCallCmpF ) rule. This
is done for simplicity; otherwise each rule that adjusts the global time needs to
update the energy accumulator of all components.
To calculate the total actual energy usage, the time the components are in
their current state should still be accounted for. This means we have to add the
result of the td function for each component. The total energy consumption of
the system can be calculated at any time as follows:
X
esystem (Γ, t) =
CiΓ :: e + td(CiΓ , t)
i
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We can now make the distinction between non-energy-aware component state
Ci :: s, and energy-aware component state, which also includes the time-stamp τ
and the energy accumulator e.
Most energy consuming actions are explicit in our language: Ci :: consume().
However, basic language features, such as evaluation of arithmetic expressions,
also implicitly consume energy. We capture this behaviour in the Cimp component. This component is an integral part of our energy-aware semantics and
logic. The Cimp component should at least have resource consumption constants
defined for the following operations:
– Cimp :: Ee and Cimp :: Te for expression evaluation.
– Cimp :: Ea and Cimp :: Ta for assignment.
– Cimp :: Ew and Cimp :: Tw for while loops.
– Cimp :: Eite and Cimp :: Tite for conditionals.
To capture the resource consumption of these basic operations, we extend
the associated rules in the semantics. The energy-aware rule for assignment
(eAssign) is listed below, with Cimp :: Ea for the incidental energy usage of
an assignment and Cimp :: Ta for the time it takes to perform an assignment.
∆ ` he, σ, Γ, ti⇓e hn, σ 0 , Γ 0 , t0 i

Γ 00 = Γ 0 [Cimp :: e += Cimp :: Ea ]

∆ ` hx = e, σ, Γ, ti⇓e hn, σ 0 [x ← n], Γ 00 , t0 + Cimp :: Ta i

(eAssign)

All computations of resource consumption and new component states are
done symbolically. In the logic, these values are added, multiplied and subtracted
or their max is taken. Hence, every t, e and τ , as well as the values in component
states, are polynomial expressions, extended with the max operator, over program
variables. Additionally, symbolic states are used, both as input for the program
and as start state for the components. The aforementioned polynomials also
range over the symbols used in these symbolic states.
3.2

Energy-Aware Modelling

Energy-aware models will be used to derive upper-bounds for energy consumption of the modelled system. In order for the energy-aware model to be suited for
the analysis the model should reflect an upper-bound on the actual consumption.
This can be based on detailed documentation or on actual energy measurements.
To provide a sound analysis, we need to assume that components are modelled
in such a way that the component states reflect different power-levels and are
partially ordered. Greater states should imply greater power draw. We will use
finite state models only to enable fixpoint calculation in our analysis of while
loops. The modelling should be such that the following properties hold (in the
context of the full soundness proof in [23] these properties are axioms):
– Components states form a finite lattice with a partial order based on the
ordering of polynomials (extended with max) over symbolic variables. Within
the lattice each pair of component states has a least upper-bound.
– Energy-aware component states are partially ordered. This ordering extends
the ordering on component states in a natural way by adding an energy
accumulator and a timestamp. The timestamp stores the time of the latest
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∆ ` hc, σ, Γ, ti⇓e hc, σ, Γ, ti

(eConst)

∆ ` hx, σ, Γ, ti⇓e hσ(x), σ, Γ, ti

∆ ` he1 , σ, Γ, ti⇓e hn, σ 0 , Γ 0 , t0 i

Cimp ::

∆ ` he2 , σ 0 , Γ 0 , t0 i⇓e hm, σ 00 , Γ 00 , t00 i
∆ ` he1

(n, m) = p

Γ 000 = Γ 00 [Cimp :: e += Cimp :: Ee ]

e2 , σ, Γ, ti⇓e hp, σ 00 , Γ 000 , t00 + Cimp :: Te i

∆ ` he, σ, Γ, ti⇓e hn, σ 0 , Γ 0 , t0 i

Γ 00 = Γ 0 [Cimp :: e += Cimp :: Ea ]

∆ ` hx = e, σ, Γ, ti⇓e hn, σ 0 [x ← n], Γ 00 , t0 + Cimp :: Ta i
∆ ` he, σ, Γ, ti⇓e ha, σ 0 , Γ 0 , t0 i
Γ

00

(eVar)

(eBinOp)

(eAssign)

0

Ci :: rvf (CiΓ :: s, a) = n

0
td(CiΓ , t), Ci :: s
e

0

= Γ [Ci :: e += Ci :: Ef +
← Ci :: δf (CiΓ :: s, a), Ci :: τ ← t0 ]
(eCallCmpF)
∆ ` hCi :: f (e), σ, Γ, ti⇓ hn, σ, Γ 00 , t0 + Ci :: Tf i
∆(f ) = (e1 , ∆0 , x)
∆ ` he, σ, Γ, ti⇓e ha, σ 0 , Γ 0 , t0 i ∆0 ` he1 , [x ← a], Γ 0 , t0 i⇓e hn, σ 00 , Γ 00 , t00 i
(eCallF)
∆ ` hf (e), σ, Γ, ti⇓e hn, σ 0 , Γ 00 , t00 i
∆ ` hS, σ, Γ, ti⇓s hσ 0 , Γ 0 , t0 i ∆ ` he, σ 0 , Γ 0 , t0 i⇓e hn, σ 00 , Γ 00 , t00 i
(eExprConcat)
∆ ` hS, e, σ, Γ, ti⇓e hn, σ 00 , Γ 00 , t00 i
∆ ` he1 , σ, Γ, ti⇓e hn, σ 0 , Γ 0 , t0 i
(eExprAsStmt)
∆ ` he1 , σ, Γ, ti⇓s hσ 0 , Γ 0 , t0 i

∆ ` hskip, σ, Γ, ti⇓s hσ, Γ, ti

(eSkip)

∆ ` hS1 , σ, Γ, ti⇓s hσ 0 , Γ 0 , t0 i ∆ ` hS2 , σ 0 , Γ 0 , t0 i⇓s hσ 00 , Γ 00 , t00 i
(eStmtConcat)
∆ ` hS1 ; S2 , σ, Γ, ti⇓s hσ 00 , Γ 00 , t00 i
∆ ` hS2 , σ 0 , Γ 0 , t0 i⇓s hσ 00 , Γ 00 , t00 i
∆ ` he, σ, Γ, ti⇓e h0, σ 0 , Γ 0 , t0 i

Γ 000 = Γ 00 [Cimp :: e += Cimp :: Eite ]

∆ ` hif e then S1 else S2 end if, σ, Γ, ti⇓s hσ 00 , Γ 000 , t00 + Cimp :: Tite i
n 6= 0
∆ ` he, σ, Γ, ti⇓e hn, σ 0 , Γ 0 , t0 i

∆ ` hS1 , σ 0 , Γ 0 , t0 i⇓s hσ 00 , Γ 00 , t00 i
Γ 000 = Γ 00 [Cimp :: e += Cimp :: Eite ]

∆ ` hif e then S1 else S2 end if, σ, Γ, ti⇓s hσ 00 , Γ 000 , t00 + Cimp :: Tite i
∆ ` he, σ, Γ, ti⇓e h0, σ 0 , Γ 0 , t0 i

Γ 00 = Γ 0 [Cimp :: e += Cimp :: Ew ]

∆ ` hwhile e do S1 end while, σ, Γ, ti⇓s hσ 0 , Γ 00 , t0 + Cimp :: Tw i
Γ 00 = Γ 0 [Cimp :: e += Cimp :: Ew ]
0

(eIf-False)

(eIf-True)

(eWhile-False)

∆ ` he, σ, Γ, ti⇓e hn, σ 0 , Γ 0 , t0 i

00

∆ ` hS1 ; while e do S1 end while, σ , Γ , t0 + Cimp :: Tw i⇓s hσ 00 , Γ 000 , t00 i

n 6= 0

∆ ` hwhile e do S1 end while, σ, Γ, ti⇓s hσ 00 , Γ 000 , t00 i

(eWhile-True)

∆[f ← (e, ∆, x)] ` hS, σ, Γ, ti⇓s hσ 0 , Γ 0 , t0 i
(eFuncDef)
∆ ` hfunction f (x) begin e end S, σ, Γ, ti⇓s hσ 0 , Γ 0 , t0 i

Fig. 1. Energy-aware semantics.

change to the component state. So, the earliest timestamp reflects the highest energy usage. Therefore, with respect to timestamps the energy-aware
component state ordering should be defined such that smaller timestamps
lead to bigger energy-aware component states.
– Power draw functions preserve the ordering, i.e. larger states consume more
energy than smaller states.
– Component state update functions δ preserve the ordering. For this reason,
δf cannot depend on the arguments of f . To signify this, we will use δ(s)
instead of δ(s, args) in the logic. As a result, component models cannot
influence each other. Our soundness proof (Theorem 2 in Sect. 5) requires
this assumption.
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Severeness of model restrictions There are several restrictions to the modelling that may seem far from reality.
1. Component state functions take up a constant amount of time and incidental
energy. This is needed for the soundness proof. For instance, when a radio
component sends a message, the duration of the function call cannot directly
depend on the number of bytes in the message. In most cases this can be
dealt with by using a different way of modelling. First, one can use an overestimation. Second, such dependencies can be removed by distributing the
costs over multiple function calls. For instance, the radio component can have
a function to send a fixed number of bytes. If it internally keeps a queue, the
additional costs of sending the full queue can be modelled by distributing it
over separate queueing operations. energy consumption of components must
remain fixed per component state.
2. With each component state a constant power draw is associated. However,
some hardware may accumulate heat over time incurring increasing energy
consumption over time. Such a ’heating’ problem can be modelled e.g. by
changing state to a higher energy level with every call of a component function. This is still an approximation of course. In the future, we want to study
models with time driven state change or with time-dependent power draw.
3. Component model must be finite state machines. Modelling systems with
finite state machines is not uncommon, e.g using model checking and the
right kind of abstraction for the property that is studied. In our models the
abstraction should be such that the energy consumption is modelled as close
as possible.
4. The effect of component state functions on the component states cannot depend on the arguments of the function. Also, component models cannot influence each other. Both restrictions are needed for soundness guarantee of
our analysis. This restricts the modelling. Using multiple component state
functions instead of dynamic arguments and cross-component calls is a way
of modelling that can mitigate these restrictions in certain cases. Relieving
these restrictions in general is part of future work.
3.3

A Hoare Logic for Energy Analysis

This section treats the definition of an energy-aware logic with energy analysis
rules that can be used to bound the energy consumption of the analysed system.
The full set of rules is given in Fig. 2. These rules are deterministic; at each
moment only one rule can be applied.
Our energy consumption analysis depends on external symbolic analysis of
variables and loop analysis. The results of this external analysis are assumed to
be accessible in our Hoare Logic in two ways.
Firstly, we restrict the scope of our analysis to programs that are bound in
terms of execution. We assume that all loops and component functions terminate
on any input. Each loop is annotated with a bound: whileib . The bound is a
polynomial over the input variables, which expresses an upper-bound on the
number of iterations of the loop. We have added the ib to the while rule in the
energy analysis rules to make this assumption explicit. Derivation of bounds is
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{Γ ; t; ρ}n{Γ ; t; ρ}
{Γ ; t; ρ}e1 {Γ1 ; t1 ; ρ1 }

(aConst)

{Γ1 ; t1 ; ρ1 }e2 {Γ2 ; t2 ; ρ2 }
{Γ ; t; ρ}e1

{Γ ; t; ρ}x{Γ ; t; ρ}

(aVar)

Γ3 = Γ2 [Cimp :: e += Cimp :: Ee ]

e2 {Γ3 ; t2 + Cimp :: Te ; ρ2 }

{Γ ; t; ρ}e{Γ1 ; t1 ; ρ1 }

Γ2 = Γ1 [Cimp :: e += Cimp :: Ea ]

{Γ ; t; ρ}x = e{Γ2 ; t1 + Cimp :: Ta ; ρ2 }

(aBinOp)

(aAssign)

Γ1 = Γ [Ci :: s ← Ci :: δf (Ci :: s), Ci :: τ ← t, Ci :: e += Ci :: Ef + td(Ci , t)]
(aCallCmpF)
{Γ ; t; ρ}Ci :: f (args){Γ1 ; t + Ci :: Tf ; ρ}
∆(f ) = (e1 , x)
e=a∈ρ

{Γ ; t; ρ}skip{Γ ; t; ρ}

{Γ ; t; ρ}e{Γ1 ; t1 ; ρ1 }
{Γ1 ; t1 ; ρ1 [x0 ← a]}e1 [x ← x0 ]{Γ2 ; t2 ; ρ2 }
{Γ ; t; ρ}f (e){Γ2 ; t2 ; ρ2 }
(aSkip)

x0 fresh in e1

(aCallF)

{Γ ; t; ρ}S1 {Γ1 ; t1 ; ρ1 } {Γ1 ; t1 ; ρ1 }S2 {Γ2 ; t2 ; ρ2 }
(aConcat)
{Γ ; t; ρ}S1 ; S2 {Γ2 ; t2 ; ρ2 }

{Γ ; t; ρ}e{Γ1 ; t1 ; ρ1 }
Γ2 = Γ1 [Cimp :: e += Cimp :: Eite ]

{Γ2 ; t1 + Cimp :: Tite ; ρ1 }S1 {Γ3 ; t2 ; ρ2 }
{Γ2 ; t1 + Cimp :: Tite ; ρ1 }S2 {Γ4 ; t3 ; ρ3 }

{Γ ; t; ρ}if e then S1 else S2 end if{lub(Γ3 , Γ4 ); max{t2 , t3 }; ρ4 }
Γ1 = process-td(Γ, t)
{wci(Γ1 , e; S); t; ρ}e{Γ2 ; t1 ; ρ1 }

(aIf)

Γ3 = Γ2 [Cimp :: e += Cimp :: Ew ]
{Γ3 ; t1 + Cimp :: Tw ; ρ1 }S{Γ4 ; t2 ; ρ2 }

{Γ ; t; ρ}whileib e do S end while{oe(Γ1 , t, Γ4 , t2 , ib); ρ3 }

(aWhile)

Fig. 2. Energy analysis rules.

considered out of scope for our analysis. We assume that an external analysis
has produced a sound bound.
Secondly, the symbolic state environment ρ gives us a symbolic state of every
variable for each line of code, e.g, {x1 = e1 }x1 = x1 + x2 + x3 {x1 = e1 + x2 + x3 },
plus other non-energy related properties invariants that have already been proven.
In Fig. 2 we included this prerequisite by explicitly denoting it as ρ, ρ1 , . . . .
All the judgements in the rules have the following shape: {Γ ; t; ρ}S {Γ 0 ; t0 ; ρ0 },
where Γ is the set of all energy aware component states, t is the global time and
ρ represents the symbolic state environment retrieved from the earlier standard
analysis. The notation Γ [n += m] is a shorthand for Γ [n ← n + m]. As (energyaware) component states are partially ordered, we can take a least upper bound
of states lub(s1 , s2 ) and sets of energy-aware component states lub(Γ1 , Γ2 ).
We will highlight the most relevant aspects of the rules. The (aCallCmpF )
rule uses the td(Ci , t) function to estimate the time-dependent energy consumption of component function calls. The (aIf ) rule takes the least upper bound of
the energy-aware component states and the maximum of the time estimates.
Special attention is warranted for the (aWhile) rule. We study the body of
the while loop in isolation. This requires processing the time-dependent energy
consumption that occurred before the loop (process-td). An over-estimation
(oe) of the energy consumption of the loop will be calculated by taking the
product of the bound on the number of iterations and an over-estimation of
the energy consumption of a single iteration, i.e. the worst-case iteration (wci).
The worst-case-iteration is determined by taking the least upper-bound of the
set of all states that can occur during the execution of the loop. As there are a
finite number of states for each component, this set can be determined via a fix
point construction (fix). The fixpoint is calculated by iterating the component
iteration function (ci).
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In order to support the analysis of statements after the loop, also an overestimation of the component states after the loop has to be calculated. For
brevity in Fig. 2, this is dealt with in the calculation of oe.
Five calculations are needed:
1. Component iteration function ci. The component iteration function cii (S)
aggregates the (possibly overestimated) effects of S on Ci . It performs the
analysis on S, then considers only the effects on Ci . If there are nested loops
or conditionals, the effects on the state of Ci are overestimated in the same
manner as in the rest of the analysis. By cini (S) we mean the component
iteration function applied n times: cii (S) ◦ cin−1
(S), with ci1i (S) = cii (S).
i
2. Fixpoint function fix. Because component states are finite, there is an iteration after which a component is in a state that it has already been in, earlier
in the loop (unless the loop is already finished before this point is reached).
Since components are independent, the behaviour of the component will be
identical to its behaviour the first time it was in this state. This is a fixpoint on the set of component states that can be reached in the loop. It can
be found using the fixi (S) function, which finds the smallest n for which
(S) = ciki (S). The number of possible component states is an upper
∃k.cin+1
i
bound for n.
3. Worst-Case Iteration function wci. To make a sound overestimation of the
energy consumption of a loop, we need to find the iteration that consumes the
most. As our analysis is non-decreasing with respect to component states,
this is the iteration which starts with the largest component state in the
precondition. For this purpose, we introduce the worst-case iteration function
wcii (S), which computes the least-upper bound of all the states up to the
fix (S)
fixpoint: wcii (S) = lub(ci0i (S), ci1i (S), . . . , cii i (S)). The global version
wci(Γ, S) is defined by iteratively applying the wcii (S) function to each
component Ci in Γ .
4. Overestimation function oe. This function overestimates the energy-aware
output states of the loop. It needs to do three things: find the largest nonenergy-aware output states, find the minimal timestamps and add the resource consumption of the loop itself. This function gets as input: the start
state of the loop Γin , the start time t, the output state from the analysis of
the worst-case iteration Γout , the end time from the analysis of the worstcase iteration t0 and the iteration bound ib. It returns an overestimated
energy-aware component state and an overestimated global time.
Because component state update functions δ preserve the ordering, the analysis of the worst-case iteration results in the maximum output state for any
iteration. This, however, does not yet address the case where the loop is not
entered at all. Therefore, we need to take the least-upper bound of the start
state and the result of the analysis of the worst-case iteration.
To overestimate time-dependent energy usage, we must revert component
timestamps to the time of entering the loop. So, if a component is switched to
a greater state at some point in the loop, the analysis assumes it has been in
this state since entering the loop. Note that the least-upper bound of energyaware component states does exactly this: maximise the non-energy-aware
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component state and minimise the timestamp. Taking Γbase = lub(Γin , Γout )
we find both the maximum output states and the minimum timestamps.
Now, we can add the consumption of the loop itself. We perform the following
calculation for each component: CiΓbase :: e = CiΓin :: e+(CiΓout :: e−CiΓin :: e)·ib.
We do something similar for the time consumption: tret = t + ((t0 − t) · ib).
5. Processing time-dependent energy function process-td. When analysing an
iteration of a loop, we must take care not to include any energy consumption
outside of the iteration. This would lead to a large overestimation, since it
would be multiplied by the (possibly overestimated) number of iterations.
Therefore, before analysing the body, we add the time-dependent energy
consumption to the energy accumulator for each component and set all
timestamps to the current time. Otherwise, the time-dependent consumption before entering the loop would also be included in the analysis of the
iteration. We introduce the function process-td(Γ, t), which adds td(Ci , t)
to Ci :: e and sets Ci :: τ to t, for each component Ci in Γ .
Applying the rules overestimates the sum of the incidental energy consumption and the time-dependent energy consumption. However, the time-dependent
energy consumption is only added to the accumulator at changes of component
states. So, as for the energy-aware semantics, the time the components are in
their current state should still be accounted for by calculating esystem (Γend , tend ).

4

Example: Wireless Sensor Node

To illustrate our analysis, we model a wireless sensor node, which has a sensor
Cs and a radio Cr . Furthermore, it has a basic Cimp component for the implicit
resource consumption. We analyse the energy usage of a program that repeatedly measures the sensor for 10 seconds, then sends the measurement over the
radio, shown in Fig. 3. The example illustrates both time-dependent (sensor) and
incidental (radio) energy usage. We choose a highly abstract modelling to keep
the example brief and simple. A more elaborate example can be found in [23],
in which a less abstract modelling is used and two algorithms are compared.
whilen n > 0 do
Cs :: on();
... some code taking 10 seconds ...
x = Cs :: of f ();
Cr :: send(x);
n = n − 1;
end while;
Fig. 3. Example program.

Modelling The sensor component Cs has two states: son and soff . It does
not have any incidental energy consumption. It has a power draw (thus timedependent consumption) only when on. For this power draw we introduce the
constant eon . There are two component functions, namely on and off, which
switch between the two component states.
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The radio component Cr only has incidental energy consumption. It does not
have a state. Its single component function is send, which uses Cr :: Tsend time
and Cr :: Esend energy.
The Cimp component models the implicit resource consumption by various
language constructs. For the sake of presentation, we choose a very simple model
here, in which only assignment consumes time and energy. We set both the
associated constants Cimp :: Ta and Cimp :: Ea . The other six constants in the
Cimp model (see Sect. 3.1 for a list) are set to 0.
Application of the energy-aware semantics from Fig. 1 on the loop body
results in a time consumption tbody of 10 + Cr :: Tsend + 2 · Cimp :: Ta and an
energy consumption ebody of 10 · eon + Cr :: Esend + 2 · Cimp :: Ea . Intuitively, the
time and energy consumptions of the whole loop are n(tbody ) and n(ebody ).
Energy consumption analysis The analysis (Fig. 2) always starts with a
symbolic state. Note that only the sensor component Cs has a state. We introduce
the symbol ons0 for the symbolic start-state (on or off) of the sensor.
We start the analysis with the while loop. So, we apply the (aWhile) rule:
Γ1 = process-td(Γ0 , t0 )
{wci(Γ1 , n > 0; Sbody ); t0 ; ρ0 }n > 0{Γ2 ; t1 ; ρ1 } {Γ2 ; t1 ; ρ1 }Sbody {Γit ; tit ; ρit }
(aWhile)
{Γ0 ; t0 ; ρ0 }whilen n > 0 do Sit end while{oe(Γ1 , t0 , Γit , tit , ρ(n)); ρend }

Since Cimp :: Ew and Cimp :: Tw are 0, we omit them here. We will first solve
the process-td and wci functions, then analyse the loop guard and body (i.e.
the part above the line), then determine the final results with the oe function.
We first add time-dependent energy consumption and set timestamps to t0
for all components using the process-td function. If we would not do this, the
time-dependent energy consumption before the loop would be included in the
calculation of the resource consumption of the worst-case iteration. As this would
be multiplied by the number of iterations, it would lead to a large overestimation.
Cr and Cimp do not have a state, so we only need to add the time-dependent
consumption of Cs : td(Cs , t0 ) = Cs :: φ(ons0 ) · (t0 − Cs :: τ0 ), where Cs :: τ0 is the
symbolic value of the sensor timestamp before starting the analysis.
We must now find the worst-case iteration, using the wci function. For the
Cs component we need the cis (n > 0; Sbody ) function. As the other components
do not have a state, ciimp (n > 0; Sbody ) and cir (n > 0; Sbody ) are simply the
identity function. The loop body sets the state of the sensor to soff , independent of the start state. So, cis (n > 0; Sbody ) always results in soff . Now we can
find the fixpoint. In the first iteration, we enter the loop with symbolic state
ons0 . In the second iteration, the loop is entered with state soff . In the third
iteration, the loop is again entered with state soff . We have thus found the fixpoint. The worst-case iteration can now be calculated by wcis (n > 0; Sbody ) =
lub(ci0s (n > 0; Sbody ), ci1s (n > 0; Sbody )) = ons0 . Intuitively this means that, since
after any number of iterations the sensor is off, the symbolic start state, in which
it is unknown whether the sensor is on or off, yields the worst-case.
As there are no costs associated with the evaluation of expressions, the analysis of n > 0 using the (aBinOp) rule does not have any effect on the state. We
continue with analysis of the loop body, which starts with a call to component
function on. We apply the (aCallCmpF ) rule:
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Γ3 = Γ2 [Cs :: s ← Cs :: δon (Cs :: s), Cs :: τ ← t1 , Cs :: e += td(Cs , t1 )]
(aCallCmpF)
{Γ2 ; t1 ; ρ1 }Cs :: on(){Γ3 ; t1 ; ρ2 }

There is no incidental energy consumption or time consumption associated
with the call. We must however add the time-dependent energy consumption to
the energy accumulator, by adding td(Cs , t). Since we have just set Cs :: τ to
t0 and the evaluation of n > 0 costs 0 time, hence t1 = t0 , td(Cs , t1 ) results in
0. The function Cr :: δon produces new component state son . It also saves the
current timestamp to the component state, in order to know when the last state
transition happened. For simplicity, we omit the application of the concatenation
rule (aConcat) in the following.
After ten seconds of executing other statements (which we assume only cost
time, not energy), the sensor is turned off. The call to the function off returns
the measurement, which is assigned to x. We must therefore first apply the
(aAssign) rule. This adds Cimp :: Ta to the global time and Cimp :: Ea to the
energy accumulator. We now apply the (aCallCmpF ) rule to the right-hand side
of the assignment, i.e. the call to Cs :: off. This updates the state of the component
to soff . It also executes the td(Cs , t2 ) function in order to determine the energy
cost of the component being on for ten seconds. Because t2 = Cs :: τ + 10 and
our model specifies a power draw of eon for son , this results in 10 · eon . We add
this to the energy accumulator of the sensor component.
We apply the (aCallCmpF ) rule again, this time to the send function of
the Cr component. As the transmission costs a fixed amount of energy, all timedependent constants associated with transmitting are set to zero. So, the (aCallCmpF ) rule will only add the incidental energy usage specified by Cs :: Esend and
the constant time usage Cs :: Tsend . Finally, we apply the (aBinOp) rule, which
has no costs, and the (aAssign) rule, which again adds Cimp :: Ea and Cimp :: Ta .
Analysis of the worst-case iteration results in global time tit and energyaware component state environment Γit . We can now apply the overestimation
function oe(Γ1 , t0 , Γit , tit , ρ(n)). This takes as base the least-upper bound of Γ1
and Γit , which in this case is exactly Γ1 (note that the state of the sensor is
overestimated as ons0 ). It then adds the consumption of the worst-case iteration,
multiplied by the number of iterations. The worst-case iteration results in a
global time of t0 + 10 + Cr :: Tsend + 2 · Cimp :: Ta . So, oe results in a global time
tend of t0 + n · (10 + Cr :: Tsend + 2 · Cimp :: Ta ). Note that this is equal to the
time consumption resulting from the energy-aware semantics.
A similar calculation is made for energy consumption, for each component.
Then, we can calculate esystem . In total, the oe function results in an energy
usage of e0 + n · (10 · eon + Cr :: Esend + 2 · Cimp :: Ea ). However, we still need to
add the time-dependent energy consumption for each component. This is where
potential overestimation occurs in this example. Since Cr and Cimp do not have
a state, we only need to add the time-dependent consumption of Cs . After the
analysis of the loop, the state of the sensor is overestimated as ons0 . We must
therefore add a consumption of td(Cs , tend ) = Cs :: φ(ons0 ) · (tend − t0 ) = Cs ::
φ(ons0 ) · n · (10 + Cr :: Tsend + 2 · Cimp :: Ta ). This leads to an overestimation only
in case ons0 = son and n > 0. Otherwise, the result of the analysis is equal to
that of the energy-aware semantics.
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5

Soundness

In this section we outline a proof of the soundness of the energy-aware Hoare
logic with respect to the energy-aware semantics. Intuitively, this means we prove
that the analysis over-estimates the actual energy consumption. Here, we present
only the fundamental theorems. The reader is referred to [23] for the full proof.
Soundness of the annotations (loop bounds and symbolic states) is assumed in
order to guarantee soundness of the final result.
We first show that the logic over-estimates time consumption. In order to
establish soundness of the analysis of the energy consumption of the program,
we need to establish first soundness of the timing analysis.
Theorem 1 (Timing over-estimation). If hS, σ, Γ, ti⇓s hσ 0 , Γ 0 , t0 i, then for
any derivation {Γ ; t; ρ}S{Γ1 ; t1 ; ρ1 } holds that t1 ≥ t0 .
Proof. Theorem 1 derives from the property that the analysis does not depend
on the timestamp in the precondition. For {Γ1 ; t1 ; ρ1 }S{Γ2 ; t2 ; ρ2 }, the duration
t2 − t1 always over-estimates the duration of every possible real execution of the
statement S. Theorem 1 is proved by induction on the energy-aware semantics
and the energy analysis rules. The only source of any over-estimation are the rules
(aIf ) and (aW hile). The (aIf ) rule computes a max between the final timestamps
of then-branch and the else-branch. In the (aWhile) rule, the execution time of
one iteration of the loop is over-estimated and multiplied by the loop bound,
which is an over-estimation of the number of iterations of the loop.
t
u
Over-estimating the component state is fundamental for over-estimating the
total energy consumption. A larger component state requires more power and
hence consumes more energy.
Theorem 2 (Component state over-estimation). If {Γ ; t; ρ}S{Γ1 ; t1 ; ρ1 }
and hS, σ, Γ, ti⇓s hσ 0 , Γ 0 , t0 i then Γ1 ≥ Γ 0 .
Proof. Induction on the energy-aware semantics and the energy analysis rules,
yields that the update function δ preserves the ordering on component states
(see Sect. 3.2).
t
u
Now, we can formulate and prove the main soundness theorem:
Theorem 3 (Soundness). If {t; Γ ; ρ}S{t1 ; Γ1 ; ρ1 } and hS, σ, Γ, ti⇓s hσ 0 , Γ 0 , t0 i
then esystem (Γ1 ; t1 ) ≥ esystem (Γ 0 ; t0 ).
Proof. By induction on the energy-aware semantics and the energy analysis rules.
Theorem 1 ensures that the final timestamp is an over-estimation of the actual
time-consumption, hence the calculation of energy usage is based on an overestimated period of time. Theorem 2 ensures (given that the analysis is nondecreasing with respect to component states, a larger input state means a larger
output state) that we find the maximum state (including incidental energyusage) that can result from an iteration of a loop body with the logic. This
depends on the wci function determining the maximal initial state for any iteration. It follows, by the definition of esystem that esystem (Γ1 ; t1 ) ≥ esystem (Γ 0 ; t0 ).
The total energy consumption resulting from the analysis is larger than that of
every possible execution of the analysed program.
t
u
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6

Conclusion and Future Work

We presented a hybrid, energy-aware Hoare logic for reasoning about energy
consumption of systems controlled by software. The logic comes with an analysis
which is proven to be sound with respect to the semantics. To our knowledge,
our approach is the first attempt at bounding energy-consumption statically in
a way which is parametric with respect to hardware models. This is a first step
towards a hybrid approach to energy consumption analysis in which the software
is analysed automatically together with the hardware it controls.
Future Work Many future research directions can be envisioned: e.g. providing
an implementation of an automatic analysis for a real programming language4 ,
performing energy measurements for defining component models, modelling of
software components and enabling the development of tools that can automatically derive energy consumption bounds for large systems, finding the most
suited tool(s) to provide the right loop bounds and annotations for our analysis and study energy usage per time unit on systems that are always running,
removing certain termination restrictions.
Acknowledgements We would like to thank the anonymous referees for their
extensive feedback which helped us to considerably improve the paper.
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